The effect of the rotation of a drill string on the response of a drilling riser has been studied. A governing equation for the flexural response that incorporates the effect of the drill string rotation is developed from first principles, and the resulting differential equation is found to have a variable coefficient, which is a function of the drill string rotational speed. Results simulated for the free vibration response show that the drill string rotation reduces the natural frequency and increases the amplitude of vibration of the drilling riser. The implication of these findings is that neglecting the effect of rotation of the drill string leads to under-estimation of the deflection and over-estimation of the natural frequency. Further analysis reveals that for a drilling riser of given dimensions, a drill string rotational speed exists at which the natural frequency of the drilling riser is theoretical equal to zero, and this rotational speed is the threshold rotational speed.
Introduction
As the exploration of underwater crude and gas resources becomes increasingly needful, offshore technology for deep water drilling systems comes into closer focus. The fact that the aim of underwater crude and gas exploration is to access and drill such resources, with the aid of drilling systems, underscores the importance of a drilling riser, which is the direct component of the drilling system by which this is made possible. A drilling marine riser, part of the blowout system, houses the drill bit and drill string. It is designed to be flexible and sturdy enough to withstand any movement from the drilling platform situated above the sea.
The analysis of general risers has a historical span of over half a century, and a lot has been discovered in this area to the extent that it is well established. Charkrabarti and Frampton (1982) have presented a state-of-the-art review of riser analysis, and they developed the governing equation of motion of general risers from first principles. Ghadimi (1988) used the lumped mass discretization method to derive the equations of motion of flexible risers in three-dimensional space. Spanos et al. (1990) developed a model for a marine riser system that is appropriate for the study of its dynamic behaviour in deepwater conditions. The model was used to estimate the steady-state response of the riser to harmonic excitation. Kaewunruen et al. (2005) investigated the nonlinear free vibration of marine risers to determine the nonlinear natural frequencies and their corresponding mode shapes. Based on the virtual work-energy function of marine risers, they developed the structural model from the strain energy due to bending, the virtual works due to effective tension and external forces, and the kinetic energies due to the marine riser and the internal motions. Kerber and Wiercigroch (2088) studied the effect of weak structural nonlinearity on the dynamic behaviour of a vertical marine riser subjected to vortex-induced vibration, whereas Chen et al. (2009) reexamined the vibration characteristics of marine risers using the method of the differential transformation.
Some devotion has been given to the study of drilling risers in particular, but all such studies have been mainly focussed on the drill string as can be observed from the following studies: Vaz and Patel (1995) , Sampaio et al. (2007) , Gulyayev et al. (2009), Gulyayev and Borshch (2011) , etc. These studies have treated the drill string as an independent structure whose motion does not influence any other structure or vice versa. This is not always the case in reality as the drill string is housed by the drilling riser to which it is attached at various points along its span. The implication is that the connection between the drilling riser and the drill string is such that there is a negligible relative translational motion between them, but relative rotational motion of the drill string is permitted. The focus of this study is on the response of drilling risers during the production of crudeoil, at which time the drill string is rotating. In this paper, the effect of the rotation of the drill string on the behaviour of the drilling riser has been investigated. First, a modified riser model that applies specifically to the drilling riser was developed, and then the effect of the rotational speed of the drill string on the free vibration response of the drilling riser was examined by means of codes written in Mathematica TM .
Mathematical model for flexural motion of drilling risers
Starting from first principles as in Chakrabarti and Frampton (1982) , the force exerted by the rotation of the drill string, F R θ, on the drilling riser can be represented on the riser segment as shown in Fig.1 . 
Expanding the double-angle trigonometric ratios in Eq.(2.4) and simplifying the resulting equation yields cos sin
Horizontal equilibrium equation
In a similar manner, the equilibrium of horizontal forces would yield sin cos
where m w = mass of the segment including added mass per unit length acting in the w direction; w  = acceleration of point s in the w-direction.
Moment equilibrium equation
Taking moments about point s gives the moment equilibrium equation as cos sin cos
Considering that the length of the segment is small, Eq.(2.1), the three equilibrium equations can be written as cos sin
f w , f ys and f ws are the weight and force intensities (i.e., force per unit length).
To develop the equation of motion for the horizontal displacement of the riser, A 1 in Eq.(2.8a) is substituted into Eq.(2.8b) to get
By making use of Eqs (2.8c) and (2.9b), the expression for 1 B is obtained as
The following expressions are applicable to all risers (Chakrabarti and Frampton, 1982) .
cos , as part of
Equations (2.11) and (2.12) are substituted into Eq.(2.10) and the equation of motion for horizontal displacement of the marine risers is derived as
In the literature, the effect of the axial force induced by rotation is normally neglected i.e., F R =0. This condition is okay for modelling the dynamic response of general risers. However, a special situation occurs with drilling risers where the axial force induced by rotation of the drill string can significantly affect the response of the riser. Then F R cannot be ignored and the expression for determining this force is considered next.
A detailed derivation of the axial force induced by a rotating hollow cylindrical shaft can be found in Behzad and Bastami (2004) . They expressed this force as Here it is considered that the rotation of the drill string of a drilling riser will induce an axial force on the drilling riser that can be expressed by Eq.(2.14). Therefore, Eq.(2.14) is substituted into Eq.(2.13) to include the effect of the rotation of the drill string on the response of the drilling riser as follows
From Eq.(2.15), the effect of the rotation of the drill string on the flexural motion of the drilling riser is introduced through the coefficient  .
Free vibration analysis
An analytical solution to Eq.(2.15) can be written as
where m W is the amplitude of the response of the riser, and   f t is the temporal response of the riser and the modal parameter of interest in this study.
Temporal response analysis
For the free vibration, the excitation force ws f is zero so that Eq.(2.15) becomes 
Equation (3.6) is the characteristic or frequency equation and can be used to obtain the natural frequency of the m th mode of vibration of the riser as shown in Eq.(3.7).
Results and discussion
The natural frequencies for the first ten modes of vibration for different lengths of the drilling riser are shown Tab.1. Table 1 (a -c). Natural frequencies of the drilling riser for different rotational speeds of the drill string. Numerical results were simulated from Mathematica™ codes using the input values in Tab.2. Tables 1(a) -(c) show the natural frequencies of the drilling riser for different rotational speeds of the drill string. The second column in these tables represents the natural frequency without the rotation of the drill string. The results reveal that the rotation of the drill string reduces the stiffness of the drilling riser and by extension its natural frequency. Figures 2(a) -(e) are plots showing the variation of the natural frequency of the drilling riser with rotational speed of the drill string. For each mode of vibration, the plots reveal a rotational speed at which the natural frequency of the drilling riser is theoretically zero. The value of the critical rotational speed hereafter referred to as the threshold rotational speed, increases with increasing mode of vibration and can be determined from the following expression
where Ω thres is the threshold rotational speed of the drill string. The physical significance of this is that there is a threshold rotational speed of the drill string for a given drilling riser configuration, at which there is no meaningful response of the drilling riser. Although the values of the threshold rotational speed as shown in Figs 2(a) -(e) are well beyond practical drilling speed range (i.e., less than 200 rev/min), the existence of such a phenomenon is noteworthy. Additionally, it can be inferred that before reaching the threshold rotational speed, the drill string would have failed in operation.
The time-domain responses for drill string rotational speeds of 0 rev/min, 500 rev/min, and 2000 rev/min are shown in Figs 1(a) -(c) respectively. It was assumed that the initial displacement and velocity of the riser are very small, and so, the initial conditions used were 1 mm and 1 mm/s respectively. The timedomain responses are all sinusoidal as is expected for an undamped free vibration. The amplitude of the temporal responses reveals that the rotation of the drill string increases the maximum displacement of the riser. The plots in Figs 3(a) -(c) corroborate this observation. Additionally, the plots in Figs 3(a) -(c) reveal that for the same rotational speed of the drill string, the amplitude of vibration reduces with increasing mode of vibration. This can be explained by the fact that the riser becomes stiffer at higher modes and therefore offers a better resistance to displacements. 
Conclusion
The effect of the rotational speed of the drill string of a drilling riser on the free vibration of the drilling riser has been investigated in this paper. The rotation of the drill string induces an axial force on the riser, which affects its response. This concept has been incorporated in developing the governing equation of the drilling riser, and the resulting differential equation has a variable coefficient, which is a function of the drill string rotational speed. The governing equation was solved, and results were simulated for the natural frequencies and temporal displacements by means of bespoke Mathematica™ codes. The results reveal that the effect of the rotation of the drill string is to reduce the natural frequency and increase the amplitude of vibration of the riser. The implication of these findings is that neglecting the effect of rotation of the drill string leads to under-estimation of the deflection and over-estimation of the natural frequency. It was also discovered that for a drilling riser with given dimensions, there exists a rotational speed of the drill string at which the natural frequency of the riser is theoretically zero. This rotational speed has been referred to as the threshold rotational speed of the drill string. In the present simulations, the threshold rotational speeds for different modes of vibration were found to be way beyond practical drilling speeds. This study shows that the dynamics of a drilling riser during production is significantly different from that of general risers because of the rotation of the drill string, which influences the behaviour of the drilling riser. 
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